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Abstract
In this work, we study the development of non-Desarguian geometry from David Hilbert to Ruth Moufang. We
will see that a geometric model became a complicated interrelation between algebra and geometry.
 2003 Elsevier Inc. All rights reserved.
Sommario
In questo articolo analizziamo lo sviluppo della geometria non-Desarguesiana, da David Hilbert a Ruth Moufang.
Come vedremo, da un iniziale modello geometrico si arriverà ad una sottile interrelazione tra proprietà algebriche
e proprietà geometriche di queste geometrie.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
In 1899, David Hilbert published the Grundlagen der Geometrie, a book that opened up research in
the foundations of geometry. In fact, the Grundlagen took the axiomatic method both as a culmination
of geometry and as the beginning of a new phase of research. In that new phase, the links between the
postulates were not seen as the cold expression of their logical relations or interdependence, but as the
creation of new geometries having equal importance at the research level. For example, the independence
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of Desargues’s theorem from the axioms of plane geometry marked the starting point of non-Desarguian
geometry [Avellone et al., 2002].1
As is well known, Desargues’s theorem states that if two triangles a1b1c1, a2b2c2 are in perspective
from a point V, then the lines containing the opposite edges intersect in three collinear points, d1, d2, d3
(Fig. 1).
Desargues’s theorem plays a key role in the foundations of mathematics. In fact, in plane geometry,
it does not depend on the other axioms, and so it is necessary to regard it as an axiom. It is equivalent
to coordinatizing a plane by a skew field (while “Pappus’s theorem” is equivalent to coordinatizing by a
field2). The particular status of Desargues’s theorem thus stimulated two different needs:
(1) to prove its independence from the other axioms by exhibiting a geometric model of a non-Desar-
guian projective geometry, and
(2) to study the geometric properties of these “new” geometries as well as the mutual interplay between
algebraic structure and geometric relation.
1 In English, it is common to see the possessive form of the name Desargues written as both “Desargues”’ and as
“Desargues’s.” Since the final “s” is silent in the French pronunciation, the correct usage should be “Desargues’s.” I will use this
formulation exclusively in what follows, even though the historical actors generally use “Desargues’.” Similarly, at the turn of
the twentieth century, mathematicians generally used the associated adjective “non-Desarguesian.” I will use the now-standard
formulation “non-Desarguian.”
2 Pappus’s theorem states: let A1, B1, C1 be three distinct points on a line l1 and let A2, B2, C2 be three distinct points on
a line l2, distinct from the line l1. Then the points A3, B3 and C3—intersections, respectively, between the lines through the
points B2C1 and B1C2, the points A1C2 and A2C1, and the points A1B2 and A2B1—are collinear.
322 C. Cerroni / Historia Mathematica 31 (2004) 320–336Fig. 2. Fig. 3.
Hilbert and Forest Ray Moulton attacked the first problem, while Oswald Veblen and Joseph
H.M. Wedderburn dealt with the second. The latter was actually stated as a research programme by
Max Dehn and later completed by his student Ruth Moufang, who extensively used the new ideas of
“structural” algebra of the school of Emmy Noether. The works of Moufang and Dehn (who also had
deep insights into non-Archimedean geometry) inaugurated a new mathematical discipline that strictly
interrelates the axiomatic point of view in geometry with the study of new algebraic structure.
2. Hilbert and non-Desarguian geometries
Hilbert devoted Chapter V of his Grundlagen der Geometrie to Desargues’s theorem. In particular,
he proved the theorem’s independence relative to certain systems of axioms. More precisely, he showed
that Desargues’s theorem is not a consequence of axioms I 1–3 (of incidence (connection)), II (of order),
III 1–4 (of congruence), IV (of parallels), and V (of continuity), by exhibiting a plane geometry where
Desargues’s theorem fails to be valid [Hilbert, 1899, 1923, 1930].
In this first example of a non-Desarguian geometry, Hilbert took an ellipse with semiaxes equal to
1 and 1/2, respectively, and a system of circles defined so that no circle intersects the ellipse in more
than two real points (these circles must intersect the x-axis at the point F = (3/2,0)). As points, he took
the points (x, y) of the Euclidean plane; as lines he took the Euclidean straight lines, except those that
intersect the ellipse in two points. If a Euclidean straight line intersects the ellipse in two points, say, P, Q,
he constructed the circle through P, Q, and F and substituted the segment PQ of the line for the arc PQ of
the circle (Fig. 2) [Hilbert, 1899, §23, 51–55; Hilbert, 1923, §23, 66–71].
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It is easy to see that this is a non-Desarguian geometry. Consider the following three lines through the
origin: the x-axis, the y-axis, and the line through the origin and the point (3/5,2/5). The triangles with
vertices on these three lines that fulfilled Desargues’s theorem in Euclidean geometry will not satisfy it
in this new geometry (Fig. 3).
In the same chapter of the Grundlagen, Hilbert defined, using Desargues’s theorem, a calculus of
segments without the axioms of congruence. He fixed two points E and E′ on the two lines through O,
such that the segments OE = OE′ = 1, and defined two segments OA and OA′ to be equal if and only if
the line AA′ was parallel to the line EE′. The sum of the segments a = OA and b = OB is the segment
c = OC = OC′. The points C and C′ are the endpoints of the segment CC′ through the point A′′ of
intersection between the line through A′ parallel to the line OB and the line through B parallel to the
line OE (Fig. 4). Hilbert showed that this construction is independent of the choice of OE. Multiplication
of the segments a = OA by the segment b = OB yields the segment c = OC′, where the point C′ is the
intersection of the line OE′ and the line through B parallel to the line EA′ (Fig. 5).
With this construction, Hilbert next showed that all the rules of the real numbers are satisfied, except
for the commutative law of multiplication [Hilbert, 1899, §24–26, 55–63; Hilbert, 1923, §24–26, 71–80;
Hilbert, 1930, §24–26, 89–96]. He called a number system Desarguian when all the rules of the real
numbers were satisfied, except for the commutative law of the multiplication, and he showed that an
analytic geometry on such a number system is Desarguian [Hilbert, 1899, §28–29, 66–70; Hilbert, 1923,
§28–29, 84–88; Hilbert, 1930, §28–29, 98–102]. He then proved the following main theorem:
In a plane geometry where axioms I 1–3, II, IV and Desargues’ theorem hold one can introduce a calculus of segments; the elements
of this calculus form a desarguesian number system D.
We can construct over a desarguesian number system D a plane geometry, where the numbers of D are the elements of a calculus
of segments and where axioms I 1-3, II, IV are satisfied; then in such a plane geometry Desargues’ theorem always holds.3 [Hilbert,
1930, §29, 102]
3 In einer ebenen Geometrie, in der außer den Axiomen I 1–3, II, IV auch der Desarguessche Satz gültig ist, läßt sich
gemäß §24 eine Streckenrechnung einführen; die Elemente dieser Streckenrechnung bilden dann bei geeigneter Festsetzung der
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theorem for the axiom of congruence, a plane geometry satisfying certain properties can be constructed.
Some variations of Hilbert’s model of non-Desarguian planes were provided in Vahlen [1905];
Mohrmann [1922].
3. Moulton planes
In his 1902 work, “A simple non-Desarguesian geometry,” Forest Ray Moulton (1872–1952) exhibited
another example of a non-Desarguian geometry [Moulton, 1902]. Moulton was an astronomer and
administrator of science. Born in Le Roy, Michigan, he was a professor at the University of Chicago
(1898–1926) and proposed, together with Thomas Chamberlin, a since-discredited theory concerning the
origins of the solar system. He was also the author of a number of classic treatises on celestial mechanics
and differential equations in addition to nine books, including Consider the Heavens (1935), and many
articles [Carlson, 1953, 545–546].
The above-mentioned work is the only one Moulton wrote on geometries, and it reflects the influence
of his training in physics as well as his exposure to Hilbert’s Grundlagen.4 As Moulton put it, “[t]he
object of this paper is to prove that Desargues’s theorem is not a consequence of Hilbert’s axioms I 1–2,
II, III 1–5, IV, V by exhibiting a simpler non-Desarguesian plane geometry than that given by Hilbert,
and one which, by the use of linear equations alone, can be shown to fulfil all of the axioms in question”
[Moulton, 1902, 193].
Moulton also observed that the example Hilbert gave does not fulfil axiom III 4, as Hilbert claimed.
Moulton defined his new geometry this way (Fig. 6):
An ordinary euclidean plane in which there is a system of rectangular axes is the non-desarguesian plane; the euclidean points of
this plane are the non-desarguesian points; the euclidean straight lines except those which have a positive slope, are non-desarguesian
straight lines; the euclidean (broken) straight lines with positive slope broken at the x-axis so that the slope above is a positive constant
(not unity) times the slope below are the remaining non-desarguesian straight lines. [Moulton, 1902, 194]
In practice, the new lines are analogues of “refraction” lines in physics. Figure 7 makes it clear that
Desargues’s theorem fails to hold in Moulton’s geometry.
Moulton and Hilbert constructed their models to show that Desargues’s theorem is not a consequence
of certain other axioms. They did not construct these geometries for their intrinsic interest. Notice that
Moulton’s construction is “really” simpler than Hilbert’s. In the seventh edition of the Grundlagen,
Hilbert acknowledged this, changing his original example to Moulton’s5 [Hilbert, 1930, §23, 85–88].
This may be why Hilbert’s original example does not appear in modern geometry texts.
Anordnung stets ein Desarguessches Zahlensystem. Auf einem Desarguessches Zahlensystem D läßt sich in der geschirdelten
Weise eine ebene Geometrie aufbauen, in der die Zahlen des System D die Elemente einer gemäß §24 eingeführten
Streckenrechnung bilden und in der die Axiome I 1–3, II, IV erfüllt sind; in einer solchen ebenen Geometrie gilt dann stets
auch der Desarguessche Satz.
4 Moulton’s colleague in mathematics at Chicago, Eliakim Hastings Moore, led a graduate seminar on Hilbert’s Grundlagen
during the fall quarter of 1901. On the mathematical environment animated by Moore at the University of Chicago at the turn
of the 20th century, see Parshall and Rowe [1994, 363–426].
5 In the seventh edition of the Grundlagen there is this footnote: “Statt der in früheren Auflagen dieses Buches an dieser
Stelle angeführten ersten “Nicht-Desarguesschen Geometrie” wird im folgenden eine etwas einfachere von Moulton stammende
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4. Finite non-Desarguian planes: Oswald Veblen and Joseph H.M. Wedderburn
Oswald Veblen (1880–1960) and Joseph H.M. Wedderburn (1882–1948) provided a more systematic
construction of some non-Desarguian geometries with their joint paper, “Non Desarguesian and Non
Pascalian Geometries” [Veblen and Wedderburn, 1907].6 The two young mathematicians met at the
University of Chicago in 1904 and collaborated on this work beginning in 1905.
Wedderburn, a Scot, followed his B.A. at the University of Edinburgh with postgraduate studies in
Germany during the academic year 1903–1904. His German trip brought him into contact with the work
of Georg Frobenius and Friedrich Schur, among others. He then proceeded on a Carnegie fellowship to
the University of Chicago, an excellent place to pursue his deepening interest in algebra. At this time,
Leonard Eugene Dickson (1874–1954) was there, and Dickson and Wedderburn worked in close contact
on the problem of determining whether all finite division algebras were fields. It was in Chicago during
the 1904–1905 academic year that Wedderburn proved the two famous theorems that now bear his name
[Wedderburn, 1905, 1907–1908].7
Veblen’s interests at this time lay in the foundations of geometry. In 1903, he had completed his
doctoral dissertation on “A System of Axioms for Geometry” [Veblen, 1904] under Moore’s supervision.
Nicht-Desarguesschen Geometrie erlautert. Vgl. F.R. Moulton, “A simple non-Desarguesian plane geometry,” Trans. Math. Soc.
1902.” (“In the following we replace the first “Non-Desarguesian geometry” with another “Non-Desarguesian geometry” done
by F.R. Moulton. Cfr. F.R. Moulton, “A simple non-Desarguesian plane,” Trans. Math. Soc. 1902.”).
6 The biographical information on Veblen and Wedderburn that follows comes from Gillispie [1970–1990].
7 Karen Hunger Parshall discussed the Chicago setting as well as the mathematical interrelations between Dickson,
Wedderburn, and Veblen in detail in her paper [Parshall, 1983]. See also her paper in the present issue of Historia Mathematica.
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than that of Hilbert and Mario Pieri. Veblen, the geometer, and Wedderburn, the algebraist, were thus
well-suited to effect a fusion of these interests in their 1907 paper. There, they analytically constructed
non-Desarguian finite geometries, whereas the constructions of Hilbert and Moulton were geometric
models.
Veblen and Wedderburn considered a number system subject to the following conditions:
• the numbers form a commutative group under addition;
• for any two numbers a and b, there is a unique number c such that ab = c, and if a = 0, there exist
unique numbers d , d ′ such that da = b and ad ′ = b; also, 0a = 0 = a0, for every a;
• the distributive law c(a + b) = ca + cb must hold, and there exists an identity element with respect
to the multiplication. [Veblen and Wedderburn, 1907, 380]
Using a number system of this type, they constructed an analytic geometry and showed that if the number
system is finite, then points and lines form a projective plane.
Up to this point, they have shown the conditions a given finite number system must satisfy in order to
construct an analytic geometry. They then noted that “[i]n order to construct a particular non-Desarguian
geometry it is necessary only to adduce a particular number system” [Veblen and Wedderburn, 1907,
382]. Two consequences followed. First, since the above number system is non-Desarguian (as Hilbert
defined it), Veblen and Wedderburn supposed that the geometries based on this number system would be
non-Desarguian. Second, since they needed particular structures to construct their geometries, they did
not attain the level of generalization Ruth Moufang would in the 1930s (see below).
In their 1907 paper, Veblen and Wedderburn constructed many non-Desarguian geometries using finite
structures. Dickson provided the first class of number systems they used in Dickson [1905]. Consider a
ternary structure F with p2m elements (a, b), where a and b are in GF(pm), the field of pm elements for
p a prime, such that elements a1, a2, b1, b2 in F obey the laws of combination
(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2),
and
(a1, b1) × (a2, b2) = (a1a2 + ενb1b2, b1a2 + εa1b2),
where ν is a fixed nonsquare in GF(pm), and ε = ±1 when a21 −νb21 is a square or nonsquare. This number
system satisfies the conditions above, and the multiplication is also associative. Veblen and Wedderburn
first constructed an analytic geometry over F in the special case of pm = 3; the number system thus
consisted of nine numbers 0, 1, 2, j , 2j , 1 + j , 1 + 2j , 2 + j , 2 + 2j . Showing that this geometry is
non-Desarguian, they thus constructed a finite non-Desarguian plane with 91 points and 91 lines.
They next produced another geometry based on F as follows. They fixed seven points of the old
geometry and derived new points by transforming the seven fixed points by the kth power (k < 13) of
a linear transformation of order 13. They did the same with seven lines of the old geometry. Since they
were unsure whether their transformation mapped lines onto lines, they verified that the 91 points and 91
lines so obtained are points and lines of a plane geometry. They showed further that this new geometry
is another non-Desarguian plane geometry.
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Dickson defined an algebra of elements of the form a + di + ej , where a, d , and e are rational numbers,




This algebra satisfies the conditions Veblen and Wedderburn had set out in addition to the commutative
law of multiplication. They showed, analytically, that the geometry constructed on this algebra is non-
Desarguian [Veblen and Wedderburn, 1907, 386–387]. Notice that this geometry is not finite. It is the
only example of an infinite non-Desarguian geometry in the paper.
Yet another class of examples built on a finite number system. Consider an algebra with elements of
the form a + di + ej , where a, d , and e are in GF(3) and with multiplication table [Dickson, 1905, 394]
i j
i j 1 + i
j 1 + i 2 + i + j
This algebra also satisfies the specified conditions together with the commutative law of multiplication,
and has 27 elements. Veblen and Wedderburn did not exhibit the geometry on this algebra explicitly,
since it has 757 points [Veblen and Wedderburn, 1907, 387].
Veblen and Wedderburn closed their paper with a discussion of the problem of finding a non-
Desarguian geometry with the minimum number of points on a line. They showed that there exists only
one projective plane with five points on a line, and so a non-Desarguian geometry must have at least six
points on a line, yet they did not find an example. Their paper thus ended with this open problem.8
Veblen and Wedderburn followed an approach different from that of Moulton and Hilbert. They
analytically constructed planes, and, for them, it was less important to exhibit the geometric model
than to present the coordinatizating algebra. In their view, a plane exists if the number system exists
on which to construct the geometry. They were, however, unsure if a number system is non-Desarguian,
then the plane based on it is non-Desarguian. This forced them to verify for each constructed plane that
Desargues’s theorem fails to hold. These two different points of view—that of Veblen and Wedderburn
and that of Hilbert and Moulton—merged in the work of Ruth Moufang.
5. Max Dehn and a program on the foundations of projective geometry
The vision Hilbert expressed in the Grundlagen was partially realized in the work of his students,
in particular Max Dehn. Born in Hamburg in 1878, Dehn obtained his degree at the age of 21 under
Hilbert’s supervision in Göttingen for a dissertation on the foundations of geometry [Dehn, 1900]. He
took his Habilitation in Munich in 1901 for his resolution of the third of the twenty-three problems
8 In the middle of the 20th century, it was proved that a plane of order n 8 is indeed Desarguian [Hall, 1953, 1954; Swift
and Walker, 1956].
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the first to solve one of Hilbert’s problems. The third problem concerned the foundations of geometry.
Its solution showed that the Archimedean axiom was needed to prove that two tetrahedra have the same
volume, if they have the same altitudes as well as bases of the same area. Dehn was a Privatdozent in
Munich from 1901 until 1911 and became an Ordinarius in Breslau in 1913. He moved to the University
of Frankfurt in 1921 and stayed there until 1935. In 1939, since he was a Jew, he emigrated from Germany
to North America, where he held a string of positions. He died in 1952 in Black Mountain, North Carolina
[Gillispie, 1970–1990].
From 1900 to 1906, Dehn worked mainly on the foundations of geometry, coming back to it in
1922.9 This area represented a type of mathematical inquiry highly suited to Dehn’s quality of mind.
In particular, his approach to it was “modern” in the sense that he was not primarily interested in finding
minimal sets of axioms or in separating the postulates of a given discipline into sets of even weaker
ones and then proving their independence and completeness. That kind of axiomatic approach is well
represented by Moritz Pasch, whose book Vorlesungen über neuere Geometrie first appeared in 1882.
The second edition of this book appeared in 1926 with a supplementary part by Dehn, entitled “Die
Grundlegung der geometrie in historischer Entwicklung.” Whereas Pasch emphasized precision and
detail, Dehn focused on insight and ideas. Dehn was interested in finding solid and simple foundations
for a theory, in particular for projective geometry. In his words, “[t]he aim of the foundations of projective
geometry, correspondingly of metric geometry, is to transform the projective relations (collineations) into
algebraic relations”10 [Dehn and Pasch, 1926, 213–214]. As this makes clear, Dehn was interested in the
relationships between algebra and geometry. In fact, he was deeply impressed by the part of Hilbert’s
foundations of geometry in which Hilbert showed that the incidence axioms of (projective) geometry
together with a single incidence theorem, namely, Pappus’s theorem, are equivalent to the definition of
a field, and that the same axioms together with Desargues’s theorem define a skew field [Magnus and
Moufang, 1954; Magnus, 1978–1979].
Dehn worked out some of Hilbert’s ideas and, in the paper, “Über die Grundlagen der Geometrie und
allgemeine Zahlsysteme” [Dehn, 1922], asked the question: Do there exist incidence theorems which
do not imply the validity of Pappus’s theorem but do imply the theorem of Desargues without being
derivable from it? [Dehn, 1922, 185]. Walter Wagner, a student of Dehn, answered this question in 1936
[Wagner, 1937]. It was precisely this kind of problem that inspired the work of another of Dehn’s students,
Ruth Moufang. In a series of difficult papers, she proved that there exists a third theorem of the type of
Desargues and Pappus, “the theorem of the complete quadrilateral” [Moufang, 1933b].
6. Ruth Moufang and Moufang planes
Ruth Moufang was born in Darmstadt, Germany on 10 January, 1905.11 She was the younger daughter
of Else Fecht Moufang and Dr. Eduard Moufang, an industrial chemist. Her interest in mathematics
9 Dehn’s other mathematical research centered on topology and group theory.
10
“Das Ziel bei der Begründung der projective Geometrie ist ganz entsprechend wie bei der metrischen Geometrie das, die
projectiven Beziehungen (die Kollineationen) in algebraische Beziehungen zu verwandeln.”
11 The biographical information on Moufang in the this and the next two paragraphs comes from Gillispie [1970–1990],
Srinivasan [1984, 51]. For other information about Ruth Moufang, see Pieper-Seier [1997a, 1997b].
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She then studied mathematics at the University of Frankfurt from 1925 until 1930, passing the teacher’s
examination in 1929. She took her Ph.D. in 1931 under Dehn’s supervision for a dissertation on projective
geometry. After a year in Rome on a research fellowship, she lectured from 1932 to 1933 at the University
of Königsberg, where she took a course with Emmy Noether, was encouraged in the study of mathematics
by Kurt Reidemeister (1893–1971), and met Richard Brauer (1901–1977). She returned to Frankfurt in
1934 and held a Lehrauftrag there while writing her Habilitationsschrift. On 9 February, 1937, Ruth
Moufang became the third woman in Germany to receive the Habilitation in mathematics.
The logical course of events would have been for her to become a Privatdozent, but in March 1937,
she received a letter from the Ministry of Education informing her that the policies of the Third Reich
required a professor to be a “leader” of students in more than just the academic sphere. Since the student
population was mostly male, they did not think it feasible to appoint women professors. Although they
had no objection if she devoted herself solely to research, since there was no permanent position at the
university to do only research, she left to work for the Krupps Research Institute in the autumn of 1937
and stayed there until 1946. She was the first German woman with a doctorate to be employed as an
industrial mathematician. In this period, she published several papers in theoretical physics, in particular
elasticity theory [Moufang, 1941–1942, 1946–1947, 1948].
After the war, the University of Frankfurt was looking for first-rate mathematicians who had not joined
any Nazi organization under Hitler. In 1946, Moufang moved there and was given the venia legendi. She
served as Privatdozent until her appointment as associate professor in December 1947. In February 1957,
she became the first woman in Germany to be appointed full professor and remained at the University of
Frankfurt until her retirement in 1970. In the postwar years, she published almost nothing, although she
was a successful teacher and had many Ph.D. students. She died in Frankfurt on 26 November, 1977.
Moufang’s works from 1931 and 1937 [Moufang, 1931a–b, 1932a–b, 1933a–b, 1934, 1937] marked
the starting point of a new mathematical specialty in the algebraic analysis of projective planes that drew
upon a mixture of geometry and algebra. She studied what are known today as “Moufang planes” and
“Moufang loops.” Her studies became part of the foundations of geometry and were inspired by Max
Dehn’s work. Her dissertation of 1931 inaugurated the systematic study of non-Desarguian planes.
In her first works, written between 1931 and 1932 and suggested by Dehn, she studied problems about
“incidence theorems” in a projective plane. In particular, she considered the situation when one incidence
configuration follows from another and examined what the consequences of this are on the introduction of
coordinates. As she put it, “[t]he following study which has arisen from a suggestion of Herr Dehn, is at
the foundations of a very general problem in projective planes: let there be two incidence configurations,
the problem is to decide whether or not, under the axioms of order and incidence, one follows from the
other” [Moufang, 1931a, 536].12
In her main work, “Alternative Körper und der Satz von Vollstadingen Vierseit (D9)” [Moufang,
1933b], she constructed the non-Desarguian planes that are now called Moufang planes, exhibiting a
delicate interplay between geometry and algebra. Her approach was systematic and followed Hilbert:
12 Den Folgenden Untersuchungen, die auf Anregung von Herr Dehn entstanden sind, liegt ein sehr allgemeines Problem der
ebenen projektiven Geometrie zugrunde, das sich vorläufig noch jeder allgemeineren Rehandlung verschließt: es handelt sich
um die Aufgabe, unter Voraussetzung der ebenen projektiven Axiome der Verknüpfung und Anordnung von zwei gegebenen
Schnittpunktsätzen zu entscheiden, ob einer aus dem andern folgt oder nicht.
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theorem of Desargues allows for the introduction of coordinates on a straight line that are elements of a skew field. He proceeded as
follows: he had defined the operations of addition and multiplication and their inverses, using the incidence theorems. So, Desargues’s
theorem and the incidence axioms are sufficient to prove the calculus rules except for the commutative rule of multiplication. . . .
Conversely, he had constructed a geometry in which Desargues’s theorem is valid, by using the elements of a skew field. We investigate
in the same way, by using a particular case of Desargues’s theorem, which is equivalent to the theorem of the complete quadrilateral
(we call this theorem D9).13 [Moufang, 1933b, 207]
Thus, whereas Hilbert had shown that Desargues’s theorem together with the incidence axioms of
planes allows one to introduce coordinates in a projective plane which are elements of a skew field,
and conversely, Moufang proved that the configuration D9 (or, equivalently, the complete quadrilateral
theorem) holds in a projective plane if and only if it can be coordinatized by an alternative division ring
(of characteristic = 2). The non-Desarguian Moufang planes are of this type.
Recall that an alternative division ring is a triple (A,+, ·), where (A,+) is an Abelian group and
where (A, ·) is a quasigroup with identity (loop), in which the distributive laws and the “alternative”
laws are satisfied: ∀a, b ∈ A a(ab) = (aa)b, a(ba) = (ab)a, (ba)a = b(aa). The multiplication is thus,
in general, nonassociative. Max Zorn first introduced abstract alternative division rings in his paper,
“Theorie der alternativen Ringe” [Zorn, 1930]. Zorn also showed that a finite alternative division ring
is a skew field. It followed that a finite Moufang plane is Desarguian. Zorn was inspired in his work by
Cayley–Dickson algebras. Although examples of alternative division rings, they had not been introduced
in an abstract way [Dickson, 1927].
While Moufang planes are not the first examples of non-Desarguian planes, they are very important
since they gave rise to the systematic study of such planes. Moreover, Moufang also opened up
new avenues in the field of abstract algebra. In a subsequent work [Moufang, 1934], she studied the
multiplicative structure of alternative division rings, constructing the objects now called “Moufang
loops.” The main theorem in this area was then proved by L.A. Skornjakov [1950, 74–84] and Richard
Bruck and Erwin Kleinfeld [1951, 887], namely, that any alternative division ring of characteristic = 2 is
either associative or a Cayley–Dickson algebra over its center.
Of particular interest here, however, is how Moufang hit upon the idea of relating alternative
division rings to the geometric construction of Moufang planes. As noted, Moufang’s early work
concerned the problem of considering the relationship between various “theorems on configurations” in
a projective plane. In the paper “Die Schnittpunktsätze des projektiven speziellen Fünfecknetzes in ihrer
Abhängigkeit voneinander” [Moufang, 1932a] proposed by Max Dehn, she investigated some special
cases of Desargues’s theorem, analyzing whether from one of these configurations the other ones follow
and whether they are equivalent to the complete quadrilateral theorem.
In particular, she considered a special case of Desargues’s theorem (Fig. 8), which she called D9. Here,
the triangles 1′2′3′ and 123 are in perspective with respect to the point a, one side of each triangle goes
13 Hilbert hat gezeigt, daß der allgemeine Desarguessche Satz algebraisch mit den Axiomen eines Schiefkörpers äquivalent
ist. Das besagt: Definiert man die arithmetischen Operationen der Addition und Multiplikation samt ihrer Inversen in der
bekannten Weise geometrisch durch lineare Konstruktionen, so ist der Desarguessche Satz zusammen mit den projektiven
ebenen Verknüpfungssätzen ausreichend, um für diese geometrischen Verknüpfungen alle Rechenregeln der gewöhnlichen
Arithmetik mit Ausnahme des kommutativen Gesetzes der Multiplication. . . . Umgekehrt lässt sich aus den Elementen eines
gewöhnlichen Schiefkörpers abstrakt eine Geometrie konstruieren, in der Desarguessche Satz algebraisch beweisbar ist.
Ähnliche Untersuchungen lassen sich auch für einem Spezialfall des allgemeinen Desarguesschen Satzes, den sog. Satz vom
vollständingen Vierseit, durchführen. (Wir bezeichnen der Kürze halber diesen Satz wie früher mit D9.)
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through one vertex of the other, two vertices of one of the perspective triangles lie on two sides of the
other one (notice that the triangles 3aˆ3′ and 3bˆ3′ satisfy the condition above).
Moufang proved that D9 is equivalent to the complete quadrilateral theorem, namely, let ABC be a
line and A′B′C′D′ be a quadrilateral such that none of its vertices lies on ABC, with incidence as shown
(ignoring D), and let C′D′ meet ACB in D (Fig. 9). Then D = C, and its position is independent of the
choice of the quadrilateral [Moufang, 1932a, 759–761]. She also showed [Moufang, 1932a, 763–764]
that D9 is equivalent to the little Desargues configuration introduced by Gerard Hessemberg [1905].
The little Desargues configuration is the Desargues configuration where the point with respect to which
the two triangles are in perspective lies on the line containing the intersections of the sides. Figure 10
illustrates this in the case where two sides of the triangles meet at their point at infinity.
At this point in her argument, Moufang followed Hilbert. As she explained, “[w]e now investigate,
as in Hilbert’s Grundlagen der Geometrie (Chapter V, 7th Edition), to what extent the calculus of a
skew field (which obtains in the presence of Desargues’s theorem) obtains under the configuration D9”
[Moufang, 1932a, 766].14 She then introduced the operations of addition and multiplication, as in the
Grundlagen, by using D9 and its equivalent configurations and obtained the following rules:
14 Wir untersuchen jetzt, wie weit sich die in den “Grundlagen der Geometrie” (Kapitel V, 7. Auflage) von Hilbert unter
Zugrundelegung des allgemeinen Desarguesschen Satzes aufgebaute Streckenrechnung mit dem Vierseitssatz entwickeln läßt.
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α + β = β + α, (α + β) + γ = α + (β + γ ), α(β + γ ) = αβ + αγ, (β + γ )α = βα + γ α,
if α = 0, then there exists α−1, such that α−1α = 1 = αα−1, and α−1(αβ) = β = (βα)α−1.
(∗)[Moufang, 1932a, 767–771]
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In Moufang [1932a], he did not recognize the equivalence between a structure with properties (∗)
and an alternative division ring. She also neither constructed planes coordinatized by such a structure
nor showed that D9 is weaker than Desargues’s theorem. In fact, her paper was completely geometric
and ended with the following question: can Desargues’s theorem follow from the configuration D9? She
conjectured an answer in the negative.
After completing this work inspired by Dehn, Moufang went, as noted above, to Königsberg in 1932,
where she was influenced by both Reidemeister and Brauer. Her stay there was decisive for her growth as
an algebraist and for her subsequent research. In fact, her main work, “Alternative Körper und der Satz
von Vollstadingen Vierseit (D9)” [Moufang, 1933b] was written while she was in Königsberg. There,
she thanked Brauer explicitly “for the hint that, according to the introduction of the paper of Herr Zorn,”
the number system she had constructed was “a generalization of Cayley’s number system, as presented
in §133 of Dickson’s Algebren und ihre Zahlentheorie (p. 264),” namely, a Cayley–Dickson system
[Moufang, 1933b, 222].15
This paper is more algebraic than the others. In it, she first considered a plane coordinatized by a
structure that satisfies (∗) and proved, following Hilbert’s method, that it is a projective plane and that
the configuration D9 is valid [Moufang, 1933b, 211–215]. She also established the equivalence of D9
and an alternative division ring in a purely algebraic way [Moufang, 1933b, 216–219], by showing that a
structure that satisfies (∗) satisfies the “alternative” rules, and conversely.16 She closed, as Hilbert did, by
exhibiting a non-Desarguian number system and by constructing what are now called “Moufang planes.”
(The “little Desargues theorem” is always valid in a Moufang plane.)
Ruth Moufang recognized the connections between the geometric properties of planes and the
algebraic properties of the coordinatizing structure. In 1943, Marshall Hall introduced a general way
to coordinatize every projective plane by planary ternary rings and provided a classification that
exploited the relationship between the algebraic and geometric properties [Hall, 1943]. Hall also showed,
acknowledging Moufang, that the “little Desargues theorem” (which he called theorem L) is equivalent
to coordinatizing a plane with an alternative ring. Moufang’s results and techniques thus led in a crucial
way to a “modern” method of classification of algebraic and geometric structures.
7. Conclusions
The works discussed above evidence how Hilbert’s Grundlagen der Geometrie served as the starting
point of two approaches—one American and one German—to the study of non-Desarguian geometry
and to the eventual establishment of new interrelations between algebra and geometry. The American
approach, stemming from what may be termed the Chicago school of algebra, drew its inspiration
directly from the Grundlagen; in fact, during the fall quarter of 1901, Eliakim Hastings Moore
(1862–1932) led a seminar on Hilbert’s then recently published book [Parshall and Rowe, 1994;
15 Ich verdanke Herrn R. Brauer den Hinweis, daß—gemäß dem in der Einleitung aufgeführten von Herrn Zorn ausges-
prochenen Satz—das hier angegebene Zahlsystem eine Verallgemeinerung des Cayleyschen Zahlsystems ist, die in Dicksons
“Algebren und ihre Zahlentheorie” in §133 (S. 264) angegeben ist.
16 Moufang acknowledged that some of the proofs in this part of the paper were due to Reidemeister.
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of important works on the foundations of geometry, in particular on non-Desarguian geometry.
The Chicago department included, in addition to its leader, E.H. Moore, his students Dickson and
Veblen. When Wedderburn joined the group in 1904–1905, he brought his algebraic interests into a
predominantly geometrical atmosphere. In their joint researches, the geometer Veblen and the algebraist
Wedderburn found in Dickson’s work just the right sort of algebraic structure to construct a variety of non-
Desarguian geometries.17 In this way, Hilbert’s point of view, passed on to his students by E.H. Moore,
fundamentally shaped both algebraic and geometric research at Chicago, and non-Desarguian geometry
was the natural place where these researches converged. Even Moulton, who cannot in any way
be considered representative of the emergent axiomatic mathematical style that came to characterize
particularly the Chicago school of algebra, may well have been influenced in his only work on non-
Desarguian geometry by Moore’s 1901 lectures on Hilbert’s Grundlagen.
In Germany, too, the point of view Hilbert espoused in the Grundlagen was at least partially realized
by his students, in particular by Max Dehn. Dehn, who did much work in the foundations of geometry,
and in particular on non-Archimedean geometry [Dehn, 1900], inspired many students.
Dehn’s approach was “modern,” and he was interested, moreover, precisely in the mutual interrelation
between algebraic structure and geometric relation.
This point of view marked the starting point of a “new mathematics,” one whose principal author was
Dehn’s student, Ruth Moufang. In her work, Moufang, as we have seen, studied geometric properties
through algebraic properties and conversely. She embraced Dehn’s “modern” approach as well as ideas
on “structural” algebra that were increasingly defining a school of algebraic research around Emmy
Noether.
Since Veblen and Wedderburn drew essentially no students into the area and since the German
approach effectively began and ended with the work of Dehn and his student, Moufang, it would be
incorrect to speak of an American and a German school of non-Desarguian geometry. Still, it does
seem clear that these two approaches to the subject did stem from broader schools of mathematical
thought that did result in sustained research schools in algebra at Chicago and around Emmy Noether
in Germany. It is interesting to note, however, that in the case of the two approaches to non-Desarguian
geometry considered here, the relations between algebraic and geometric properties were worked out
in substantially different ways. In a certain sense, non-Desarguian geometry marked the starting point
of a new way to do research in geometry. These two approaches finally merged into one in the work
of Marshall Hall [1943], who classified projective planes using the algebraic notion of coordinatizing
algebras.
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